SECTION 16.5: TRIPLE INTEGRALS USING CYLINDRICAL AND SPHERICAL COORDINATES

CYLINDRICAL COORDINATES: Think: ‘polar + z":

N

CONVERSION BETWEEN RECTANGULAR AND CYLINDRICAL COORDINATES:

x = rcos(f) y = rsin(0) z=z
r?=x2+4y? tan(0):§,x;«é0 z=1z
EXAMPLE 1: Convert (3,7, 4) from cylindrical to rectangular coordinates.
Ans: (—3,0,4)

EXAMPLE 2: Convert (—1,2,5) from rectangular to cylindrical coordinates.

Ans: (v/5,m —tan1(2),5)
EXAMPLE 3: Convert the following equations from rectangular to cylindrical coordinates:

1. z=9—x%>—y? 2. z =06x

e Ans: z=9—r? e Ans: z = 6rcos(f)



EXAMPLE 4: Sketch or otherwise describe the graphs of the followings equations in cylindrical coordinates:

1. r=3
T
2. 0=—
2
3.z=3




SPHERICAL COORDINATES: Think ‘distance from the origin, longitude, latitude’: (p, 6, ¢)

NOTE: p and ¢ have the following restrictions: p > 0 and 0 < ¢ < 7.

z

P(x, y, 2)
P(p, 0, ¢)

CONVERSION BETWEEN RECTANGULAR AND SPHERICAL COORDINATES:

X

x = psin(¢) cos(0) y = psin(¢)sin(0) z = pcos(¢)
y z
p2 — X2 +y2 + 22 tan(9) = ;, X ?é 0 COS(¢) = \/ﬁ

EXAMPLE 5: Convert <4, % %) from spherical to rectangular coordinates.

Ans: (0,2v/2,2V/2)

EXAMPLE 6: Convert (—1, —2, —3) from rectangular to spherical coordinates.

Ans: <\/ﬁ 7 4 tan"1(2), cos ! <—>>

EXAMPLE 7: Convert the following equations from rectangular to spherical coordinates:

1. z=—/3x2 4+ 3y2 2. x> —4x+y?>+22=0

e Ans: ¢ = 5% e Ans: p = 4sin(¢)cos(0)



EXAMPLE 8: Sketch or otherwise describe the graphs of the followings equations in spherical coordinates:

1. p=3
T

2. 0=—
2
37

3. gb—T

4. p=4cos(¢)




CONVERSION BETWEEN CYLINDRICAL AND SPHERICAL COORDINATES:
z

P(x,y. 2)
- P(r, 0, 2)
T~ _P(p. 0, 9)

r = psin(¢) ifr>0,0=0 z = pcos(¢)
2— 24 72 ifr>00=40 cos -z
’ . =Tz

EXAMPLE 9: Convert the following rectangular equations to cylindrical and spherical coordinates.

1. z=x>+y? 2. z=1/16 —x2 — y2
e Ans: z = r?, p = csc(¢) cot(q) e Ans: z=V16—1r?, p=4,0<¢ < g
1. x2+y?2=25 2. x+2y+3z=6
o Ans: r =5, p = 5csc(o) e Ans: rcos(f) + 2rsin(f) + 3z = 6,
' . 6
p:

sin(¢) cos(#) + 2sin(¢) sin(0) + 3 cos(¢)



CYLINDRICAL COORDINATES: Suppose a solid @ can be described as

Q={(r0,z) : a<0<p, g1(0) <r<gl0), hi(r,0) <z < hy(r,0)}

B rg28) rha(r0)
/// f(x,y, z) dV:/ / / f(rcos(0), rsin(0),z) dz rdrdé
Q a Jegi(0) Jh(r0)

Z)

then:

Buk = [ri-q. 1] % [01 1 0; X [2k-1, 24

A typical volume element in cylindrical coordinates: dV = dz r dr df



EXAMPLE 10: Sketch the solid over which each integral is being evaluated and convert to cylindrical coordinates.

S

A

xdz dy dx

b

2

1 (12 p/1-y
2. / / / (x2 4+ y*)Y2 dx dy dz
-1J0 yV3

4

[ 3

b

A
v

w/2 2 4-2r 1
Ans: / / / r? cos(f) dz dr df = 1o
—x2Jo Jo 3

A
v

7/6 rl pl
Ans: / / / r? dz dr df = il
0 0o J-1 9



SPHERICAL COORDINATES: Suppose a solid @ can be described as

Q={(p0.9) a1 <0<z, f1 <d< P, g1(0,0) <p < g 9)}

then

/ / /Q F(x.y,2)dV = /a a /B " / OO e osin() cos(8). psin(6)sin(6), pcos()) p? sin(6) dp ds d

g1(0,9)

1

z
T
Ap
N

pSin ¢ A0

AV = p?sin ¢ Ap Ad A0
A

A typical volume element in cylindrical coordinates: dV = p? sin(¢) dp d¢ df

EXAMPLE 11: Find the volume of the solid between z = \/4 — x2 — y2 and z = /1 — x2 — y2 using a triple

iterated integral in spherical coordinates. Check your answer using a formula from geometry.

2w pw/2 2 14
Ans: Volume = / / / p?sin(¢) dpdp df = Tﬂ units®
o Jo 1



EXAMPLE 12: Find the volume of the indicated solid by evaluating an integral in spherical coordinates.

1. The portion of the cone bounded by z = 1/3x2 + 3y2 and z = 4.

2w /6 pdsec(¢) 4
Ans: / / / p?sin(¢) dp dé df = O nits?
0 0 0 9



EXAMPLE 13: Find the volume of the indicated solid by evaluating an integral in spherical coordinates.

1. The solid bounded above z = x? + y? but below z = \/x2 + y2.

2r  pm/2  pesc(@) cot(g) T
Ans: / / / p?sin(¢) dp dé df = — units®
0 w/4 JO 6



x2-4—y2

EXAMPLE 14: Let Q be the solid bounded between the two surfaces: z = /4 — x2 — y2 and z = 3

1. Sketch or otherwise describe Q.

A
v

2. Set-up an integral in cylindrical coordinates which would compute the volume of Q.

21 V3 pVA—12 197
Ans: / / / rdzdrdf = ———units>
o Jo Jeps 6

3. Set-up a sum of integrals in spherical coordinates which would compute the volume of Q.

2r  pm/3 2 2w pm/2  r3csc(g) cot(g) 197
Ans: / / / p?sin(¢) dpdgbd9+/ / / p?sin(¢) dp dé df = —— units®
o Jo Jo o Jx;3 Jo 6



EXAMPLE 15: Sketch the solid over the integral is being evaluated and convert to spherical coordinates.

V12—x2 16 ><2
/ / / -2 dz dy dx
V12—x2 16 X2

[

A
v

2w pm/3 (4 2r 8cos(¢)
Ans: /0 /0 /0 p> cos(¢) sin(¢) dpd¢d0+/0 /7r/3/0 p> cos(¢) sin(¢) dp de df =

HOMEWORK: Section 16.5: 11 - 55 every other odd; 63 - 75 every other odd.

1607



